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Abstract
The scattering of R-R gauge bosons o of Dirichlet p-branes is computed to leading order
in the string coupling. The results are qualitatively similar to those found in the scattering
of massless NS-NS bosons: all p-branes with p  0 exhibit stringy properties, in particular
the Regge behavior. Both the R-R and NS-NS scattering amplitudes agree in the limit of
small momentum transfer with scattering o the extremal R-R charged p-brane solutions
found in the low-energy supergravities. We interpret this as evidence that Dirichlet-branes
are an exact world-sheet description of the extremal p-branes. The −1-brane (D-instanton)
is a special object which, unlike all other Dirichlet-branes, exhibits point-like behavior. We
nd the R-R charged instanton solution to type IIB supergravity and conrm that the eld
theoretic scattering o of this solution miraculously reproduces the full stringy calculation.
As an aside, we include a discussion of the entropy of non-extremal black holes in ten
dimensions, produced by exciting the 0-brane. We show that, for large black holes, the
entropy grows linearly with the black hole mass.
January 1996
1 Introduction
Recent exciting developments in string theory suggest that it has a variety of non-perturbative
symmetries [1, 2, 3, 4, 5, 6, 7, 8]. In general these duality symmetries interchange funda-
mental strings with so-called p-branes, objects with p intrinsic dimensions. In a weakly
coupled theory the p-branes are heavy objects which may be thought of as solitonic solu-
tions to the equations describing the fundamental strings [9, 10, 11, 12]. When extrapolated
to strong coupling, however, the p-branes become light and should therefore be regarded as
the fundamental degrees of freedom in the strongly coupled theory.
An unusual feature of the p-branes we are discussing is that their masses scale as 1=g,
where g is the string coupling, rather than the familiar 1=g2 found for solitons in eld theories.
This unusual dependence on g follows from the fact that the p-branes are stabilized by their
R-R charges, and the R-R sector of string theory couples to the dilaton dierently from the
NS-NS sector [6]. The absence of the \sphere term" in the p-brane mass suggests that it
comes from the disk topology. This reveals a subtle connection of p-branes with open strings,
even in the type II theory which has closed string excitations only. We will, of course, make
use of this relation to open strings in our calculations.
In the weak coupling limit the low-energy eective eld theory description of strings is
well known, and its various p-brane solutions were found years ago [9, 10, 11, 12]. Because
the importance of p-branes in the non-perturbative dynamics has become certain, it became
important to advance their understanding beyond the narrow connes of the low-energy
supergravity. A breakthrough in this direction took place a few months ago when, building
on earlier work [13, 14], Polchinski showed [15] that the Dirichlet-branes (D-branes) carry
precisely the values of the R-R charges needed for the string duality symmetries. Polchinski’s
work strongly suggests that the D-branes are the exact stringy versions of the extremal black
p-brane solutions of the eective supergravity. The conformal eld theory description of the
D-branes is extremely simple: one introduces auxiliary open strings with Dirichlet boundary
conditions in some directions replacing the conventional Neumann boundary conditions [13,
14]. Thus, these open strings are not free to propagate everywhere, but are instead glued to
a p + 1 dimensional hyperplane which is the world history of the p-brane. This is how the
hidden connection with open strings alluded to previously is accomplished in type II theory.
A nice physical picture for this, suggested by Witten [16], is that the auxiliary open string
is in reality a closed string, part of which is hidden behind a black p-brane horizon.
The simplicity of the D-brane approach to the R-R charged string solitons has originated
a flurry of activity. Many p-brane properties that were anticipated based on supersym-
metry and duality have been conrmed by explicit D-brane calculations [17, 18, 19, 20].
Furthermore, D-branes have made it possible to formulate new conjectures and concepts
[21, 22, 23, 24, 25, 26, 27]. The stringy construction of p-branes has made it possible to
study those properties that do not follow simply from BPS saturation arguments. A few
such studies of D-brane dynamics have appeared in the literature [20, 28, 29], and many
more are undoubtedly possible. One interesting physical question that was studied early
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on [28, 29] concerns the size of p-branes. The eective eld theory has little to say about
this, but luckily D-branes do provide some stringy information. For instance, they may be
probed by scattering of massless string states. In [28] the lowest order scattering amplitudes
for massless NS-NS states o D-branes were calculated explicitly. The resulting formulae
revealed that, although classically all p-branes appear point-like, the stringy quantum eects
endow all the D-branes with p > −1 with a size of order the string scale,
p
0. Furthermore,
the eective size grows indenitely with increasing energy of the probe, exhibiting the Regge
behavior well-known in the high-energy scattering of fundamental strings [30]. This suggests
that an instantaneous \snapshot" of a p-brane will show it smeared all over space, similar
to the \snapshots" of fundamental strings [31].
While the graviton scattering o D-branes revealed that their gravitational radius exhibits
the Regge behavior, it was not explicitly shown that this also holds for the R-R charge
radius. In this paper we continue the program started in [28] by calculating the leading
order scattering amplitude for two massless R-R states o D-branes.1 While the calculations
with the R-R vertex operators a priori seem technically challenging, we were suprised to nd
that they are, in some ways, simpler than the corresponding NS-NS calculations. We obtain
a compact general formula for the scattering of any R-R n-form eld o any Dirichlet p-
brane. This formula explicitly shows that the Regge behavior and the exponential fall-o at
xed angle found in NS-NS scattering also hold for R-R scattering. The scattering amplitude
exhibits an innite series of t-channel poles corresponding to exchange of closed string states
with the p-brane. The pole at t = 0 corresponds to graviton and dilaton exchange and
should therefore agree with the amplitude found in the eective eld theory. To check this,
we study the propagation of the n-form elds in the backgrounds of the extremal black p-
brane solutions to the type II supergravity equations [12]. We nd that the residue of the
1=t pole in these eld theoretic calculations matches precisely with that found in the stringy
D-brane calculations. This interesting result provides a good check on the polarization
dependence of the scattering o the D-branes and gives a physical explanation of many of
its features.2 More importantly, it strengthens the claim that the D-branes are the stringy
objects which, at large distances, are approximated by the extremal black p-branes of the
eective supergravity.
The D-instanton (−1-brane) deserves special discussion because it appears point-like even
in the full stringy calculations [14, 28, 33, 34, 35]: instead of an innite sequence of t-channel
poles there is only one pole at t = 0. To gain a better understanding of this phenomenon, we
nd a solution of the type IIB supergravity equations which describes an instanton carrying
an R-R \charge" and verify that the eld theoretic scattering o the D-instanton exactly
1In scattering o D-branes we have also found non-vanishing two-point functions mixing one R-R and
one NS-NS massless states. We do not discuss them in this paper, but hope to present their calculations in
the near future.
2Our check on polarization dependences is similar in spirit to the work in [32] where it was checked that
appropriate generalizations of the Dabholkar-Harvey solitons [9] approximately describe long fundamental
strings.
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reproduces the full string amplitude. It is remarkable to nd an object in string theory that
seems to be exactly described by the eective eld theory.
The organization of the paper is as follows. In section 2 we briefly summarize some
of the amplitudes found previously for NS-NS scattering o of p-branes. In section 3 we
present our main technical result, namely the evaluation of all R-R scattering amplitudes o
of p-branes. In section 4 we show how the low momentum transfer limit of the results of the
previous two sections can be reproduced via scattering o of the classical eld of extremal
black p-branes. We conclude in section 5 with a discussion of how the general form of the
scattering amplitudes elucidates the relation of D-branes to black holes.
2 Review of NS-NS scattering o D-branes
In [28], D-branes were probed by scattering of gravitons and NS-NS antisymmetric tensor
particles. For simplicity, their polarization tensors were taken to be non-vanishing only in the










Ai = 0: (1)
Our conventions are to let capital indices run over the longitudinal directions, A = 0; : : : ; p,
while lower-case indices run over the transverse directions, i = p+1; : : : ; 9, and Greek indices
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The delta functions indicate that the momentum along the world history is conserved. The
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Γ(k  p+ k2k + 1)
pY
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(kA + pA): (4)
These formulae apply both to the ten-dimensional theory and to its toroidal compactica-
tions, where the p-brane may be wrapped around some of the cycles.3 In the latter case, the
momenta in the compact directions are, of course, quantized, and the corresponding Dirac
delta functions are understood to be replaced by Kro¨necker delta functions.









Γ(1 + 2k2k)Γ(k  p)
Γ(k  p + k2k + 1)
pY
A=0
(kA + pA) ; (5)
3In the compactied theories one may also consider scattering of winding states, for which the results are
















Ajl, which could contribute to the amplitude for trans-
verse polarizations, is \mysteriously" absent. In section 4 this feature of the polarization
dependence will be reproduced for scattering o extremal p-branes in the low-energy eec-
tive eld theory. For R-R scattering we will also nd that eld theory provides a valuable
check on the polarization dependence of the exact string amplitude. This check will also
strengthen our condence in the fact that the p-brane solutions in supergravity are simply
low-energy approximations to D-branes.
The D-instanton (−1-brane) is a special case where the low-energy approximation be-
comes exact. For p > −1, (2) and (4) exhibit an innite sequence of poles in the t-channel,
and correspondingly in the s-channel. These characteristically stringy properties of the scat-
tering amplitudes guarantee the Regge behavior and the exponential decrease with energy at
a xed angle [28]. For p = −1, however, these stringy features disappear because k2k = 0. The









In section 4 we will be able to reproduce this answer exactly by scattering antisymmetric
tensor particles o of the instanton solution in supergravity.
3 R-R scattering in string theory
This will be entirely devoted to world-sheet computations, so we begin by reviewing some
basic facts about the vertex operators for the massless states in the R-R sector. The vertex
operator in the canonical ghost picture for an R-R gauge boson with anm-form eld strength
polarization F(m) and momentum k is [15, 36]
V (z; z) =: e−
1
2




~X(z) : (type IIA)









~X(z) : (type IIB)
(8)





1    γm : (9)







We normalize the γ so that fγ; γg = −2, and we pick our representation so that
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γ11 = γ






The leading order contribution to the scattering of an R-R boson o a p-brane, as illustrated
in Fig. 1, comes from the two point function on the disk.4 Suppose the incoming and outgoing
bosons have eld strength polarizations F (1)(m) and F
(2)







V (1)(z; z)V (2)(0; 0)
E
: (12)
The computation of F is possible in the canonical ghost picture because the constraint on
the superghost background charge is that the total sum of the charges over both right and
left moving sectors is −2. Because of the way we will treat spin elds, it is convenient to
evaluate the two point function on the half-plane H and then conformally map the result to
the disk to obtain the integrand of (12).
A convenient method for dealing with the mixed boundary conditions is to extend the
holomorphic elds to the whole complex plane, C, in such a way that their OPE’s on C
reproduce all the OPEs among holomorphic and antiholomorphic elds on H. For example,
to obtain Dirichlet boundary conditions on all of the   and ~ , we extend   to C so that
~ (z) = − (z) for z 2 H : (13)
Then the OPE




reproduces the desired OPEs for   and ~ , the interesting one of which is
 (z) ~ ( w) =

z − w
+ regular : (15)
Given the boundary conditions appropriate for a p-brane, that is Neumann boundary
conditions for  = 0; : : : ; p and Dirichlet boundary conditions for  = p+ 1; : : : ; 9, it is clear
(from bosonization, for example) that the analog of (13) for spin elds is of the form
~S(z) = MS(z) (type IIA)
~S(z) = M
S(z) (type IIB) :
(16)
Determining the matrix M seems somewhat nontrivial, but the solution is almost inevitable
given the symmetries of the problem:
M = γ0 : : : γp (17)
4Similar disk calculations with the conventional Neumann boundary conditions, and their comparison
with eld theory, were attempted a long time ago [37].
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up to an overall power of i which is immaterial for our calculations. To see how this result





 2i−1(z)  2i(z)

=: eii(z) : (18)
where  10 = i 0, then the desired boundary conditions on the   are reproduced if we set
~i(z) = i(z) +  for i = 1; : : : ; 4
~5(z) = 5(z) : (19)
Now it is easy to see that
~S(z) =: e
ii ~i(z) := (sgn 5)S(z) = (γ
0γ1)
S(z) (20)
in a representation where γ0γ1 is diagonal. Similar arguments go through in the case of
general p.
Using (17) we can bring the two point function into a manageable form: for type IIB,
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(the factor of 2 in the denominator compensates for our normalization of the γ, which is
dierent from [39]). The nal result for the two point function on the half plane is
























































Writing P1 and P2 in terms of 3232 gamma matrices rather than 1616 blocks is convenient
because these expressions are correct both for type IIA and type IIB, whereas the index
structure for the 16  16 block expressions is dierent in the two cases. The factors of
(1− γ11)=2 enforce the sums over the correct type of indices, upper or lower.
Mapping back to the unit disk and setting x = r2, where r is the radial coordinate, we











Γ(1 + 2k2k)Γ(k  p)
Γ(1 + 2k2k + k  p)















(kA + pA) ; (25)
where we have dened s = −k2k and t = −(p + k)
2. This is our main result: the two-point
function of any R-R n-form elds o of a Dirichlet p-brane is reduced to evaluating traces
of gamma matrices in ten dimensions.5 The dependence on polarizations is contained in P1
and P2, and all amplitudes are multiplied by the universal prefactor
Γ(1 + 2k2k)Γ(k  p)
Γ(k  p + k2k + 1)
: (26)
This prefactor is the same as in the NS-NS scattering amplitudes, (2)-(5). For p > −1
this prefactor contains an innite series of poles and thus guarantees the Regge behavior
of D-branes. For p = −1, k2k = 0 and the prefactor collapses to a single pole, 1=(p  k),
which implies a eld theoretic structure of the scattering in the D-instanton background
(the amplitude, in fact, diverges if P1 6= 0, which is the case for the scattering of R-R scalars
only). In summary, as anticipated in [28] all the qualitative features of the D-branes found
from NS-NS scattering apply to R-R scattering as well.
5Equation (25) is correct only up to an overall factor, which includes not only the trivial factors of 2
and  which we have neglected, but also factors related to the overall normalization of disk amplitudes as
compared to sphere amplitudes. These latter factors are necessary in order to make a completely rigorous
comparison with eld theory based on the eective action for type II theories. We will be satised in the
following section to demonstrate agreement in the infrared between string theory and eld theory up to such
overall factors.
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The traces in (24) are straightforward but tedious to evaluate. The main tool one uses
is the general (anti)-commutator of anti-symmetrized gamma matrices:
h














2jj! [1[1    
j
j
γj+1    γm]γj+1    γn] ; (27)
which is essentially Wick’s theorem for gamma matrices. The result is






























































A1B1    AjBjj+1j+1    nnUA1:::Ajj+1:::nVB1:::Bjj+1:::n (29)
where as usual the Ai and Bi run only from 0 to p while the i and i from 0 to 9. Hodge






In the following section we write out the polarization dependences explicitly for some special
cases and nd a simple physical meaning of these formulae.
4 Scattering o of black p-branes
Now, as promised, we will indicate how the t = 0 pole of the scattering amplitudes (25) can
be reproduced by the low-energy eective eld theory. For p > −1, the t = 0 pole is
Fstring theory = −
2
t
(P1 + P2) (31)
In this equation and in the rest of this section, we suppress the momentum conserving delta
functions in (25). In principle, one should be able to reproduce (31) by directly evaluating
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the graphs corresponding to the t-channel exchange of a massless particle, as in Fig. 1.
However, it is simpler to consider an equivalent description of the phenomena: scattering at
large impact parameter of R-R bosons by the classical gravitational eld of extremal black
p-branes. To put it in astrophysical terms, we want to look at gravitational lensing of R-R
light by p-branes.
Because p-branes are BPS saturated, we expect their infrared properties to be described
by extreme R-R charged p-brane solutions to the low-energy eective action:
ds2 = A−1=2













A−2dt ^ dx1 ^ : : : ^ dxp ^ dy (32)
where F(p+2) is the R-R eld strength coupling to the brane, and






For p > −1 these solutions may be written down simply by a coordinate transformation of
the extremal R-R charged p-branes found in [12]6. While [12] discussed only 0  p  6,
solutions (32), (33) may be extrapolated in an obvious way to p = 7 and 8. For the 7-brane
the solution is (32) with
A = 1 + 2Q ln(y=y0) ; (34)
while for the 8-brane,
A = 1 + 2Qy = 1 + 2Qjx9j : (35)
A new feature we nd for p = 7 and 8 is that A grows with the distance from the p-brane.
Thus, the geometry is not asymptotically flat.
The D-instanton (p = −1) is a special case which we are going to discuss in some
detail. The D-instanton is a source of the R-R scalar, which is essentially a ten-dimensional
axion. In order to make its axionic properties manifest, we are going to use its dual, 8-form,























A−2  dy (37)
6As explained in [12], the 3-brane is a special case because it couples to the self-dual 5-form eld strength;
therefore, the third line of (32) is modied.
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We believe that this solution is new. It has the following interesting feature: the Einstein
metric,
gij = Gije
−=2 = ij ; (39)
is flat! Since the Einstein metric describes the physical gravitational eld, we conclude that
the R-R charged instanton in 10 dimensions emits a dilaton, but no gravitational eld.














Let us consider scattering of n-form eld strength bosons. Because the gauge elds are
abelian, they have no self-interactions and are therefore insensitive to their own background





































+ : : : (41)
where in the second and third lines we have expanded up to the one graviton contribution.
The angle bracket notation still indicates contraction of indices with the metric  , as in
(29). Setting q = p + k, one can see from the right hand sides of (40) and (41) that the
single graviton contribution determines the 1=t pole of the scattering amplitude. Neglecting

























The test of whether Dirichlet p-branes bend R-R light like the extremal black p-branes (at
low momentum transfer, of course) is to compare the polarization dependence of (31) and
(42). Let us look at some examples:
 p = 0, n = 2. This is the most physically familiar case: gravitational lensing of vector



































































































































































 p = 4, n = 4. This is a more complex example: scattering of a 4-form eld strength
o a 4-brane. Here (31) yields























































The eld theory calculation gives













































once again reproducing the correct relative factors between terms. As this case ex-
emplies, terms of the form
D





appear in the string theory expres-
sions for n + p = 8 or 10. The bracket notation then becomes inconvenient and







before a comparison with eld theory can be made.
 p = −1. In this case, the kinematics changes slightly: because there are no directions
parallel to the brane, s = 0. As a result, the beta function prefactor simplies. For

































For n = 1, P1 6= 0, and so the amplitude (25) diverges. However, because of the double
trace form of P1, we suspect that the divergent term is canceled by the disk{cylinder
contribution, which is of the same order in g. In this world sheet conguration one
R-R scalar vertex operator is inserted on a disk and another on a cylinder.7 If the
divergence cancels, then the string theory and one-graviton eld theory calculations
again agree exactly.
 n = 5. We nd that the scattering amplitudes for the self-dual 5-forms o of any
p-brane vanish both in string theory and in eld theory. Here one encounters an
interesting subtlety: it is impossible to write down a covariant action for the self-
dual 5-form in type IIB supergravity. The procedure that seems to work, however, is









F 2(5) ; (51)
and to impose the self-duality constraint on the answer. This constraint makes the
residue of the t = 0 pole, (42), vanish for all p.
Altogether there are 25 dierent scattering processes where our eld theory analysis serves
as a check on the string theory computation: n = 1; 3; 5 for p odd and n = 2; 4 for p even,
7Such disconnected world sheets are well-known to contribute to D-instanton processes [33].
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with −1  p  8. We have checked the agreement between string theory and eld theory in
all of the 25 possible cases, some of them involving quite nontrivial cancelations between P1
and P2. The consistent agreement in the polarization dependence seems to us strong evidence
for regarding extreme black p-branes as the low-energy description of Dirichlet p-branes.
Another interesting check on our results is provided by performing a T-duality transfor-
mation on all of the coordinates. This transformation interchanges the Neumann with the
Dirichlet boundary conditions, which means that the p+ 1 directions along the brane world
volume are interchanged with the 9 − p transverse directions. Thus, the T-duality relates
scattering of n-forms o p-branes to scattering of n-forms o 8− p-branes: one simply inter-
changes the transverse (lower-case) with the longitudinal (capital) indices in the polarization
dependence. For instance, from the polarization dependence (45) for p = 1, n = 3 we infer


















This is easily conrmed by explicit calculations both in string theory and in eld theory.
In conclusion, let us note that the eld theory also explains the 1=t pole in the string
NS-NS amplitudes. Consider, for instance, the scattering of NS-NS antisymmetric tensors
















Just as in the string amplitude (5), the term containing H(1)0jlH
(2)
0jl is absent! Similar checks
of the polarization dependence work out for the scattering of gravitons.
In the D-instanton case we nd that the eld theory amplitude reproduces the complete
string amplitude (7). This illustrates the special point-like nature of this object. The eld
theory results are further valuable as a guide towards future string calculations. For example,
in scattering NS-NS antisymmetric tensors with arbitrary polarizations o p-branes we nd



















This pole at t = 0 should be reproduced by the string calculation with arbitrary polarizations,
which we leave for future work.
5 Discussion
The low-energy supergravity includes massless elds only and is, therefore, only capable of
reproducing the pole at t = 0 in the exact scattering amplitude (t = 2p  k). The poles at
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negative integer values of t come from the fact that the p-brane also excites an innite set of
massive background elds. This could be anticipated on general grounds. One feature of the
exact D-brane scattering that could hardly be anticipated, however, is the innite sequence
of s-channel poles at integer values of 0k2k . These poles reveal a discrete spectrum of D-
brane excitations associated with the massive states of the auxiliary open strings. Since these
open strings are in reality closed strings partly trapped behind a horizon, they implement a
stringy version of the horizon dynamics anticipated by the \stretched horizon" ideas [40]. It
is thus plausible to identify D-branes containing such horizon excitations with non-extremal
p-branes.
Let us review the particularly interesting example of the 0-brane in type IIA theory,
which was discussed in detail in [28]. The unexcited Dirichlet 0-brane describes an extremal
ten-dimensional dilatonic black hole, carrying a basic unit of the R-R electric charge. Thus,
the 0-brane gives us a new insight into black holes in d = 10 (black holes in d < 10 could
be studied by wrapping fundamental strings around the cycles of tori [32]). The mass of
the extremal black hole is M0 = 1=(g
p
0). Excited, non-extremal states are obtained by













where we have k open strings with excitation levels ni. We believe that these excited states
should be interpreted as non-extremal black holes. Thus, the black hole spectrum is discrete,
but becomes continuous in the limit of high excitation numbers (we should also keep in mind
that all the ni > 0 states have nite widths). It is remarkable that the gaps in the spectrum
do not vanish even in the weak coupling limit.8 Perhaps this points to an 11-dimensional
interpretation of the discrete spectrum (the connection of the type IIA theory with some
unknown theory in 11 dimensions was rst proposed in [5, 6]).
The degeneracy of black holes of mass M is given by the number of states of the open
string gas with total energy E = M −M0. The number of open string states at oscillator









This number includes states of spin J ranging from 0 to n + 1. If we restrict ourselves to
non-rotating black holes, we need to isolate the number of J = 0 open string states at level
























8We are grateful to C. G. Callan for pointing this out to us.
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dni  dN (60)
where we have ignored the slowly varying prefactors multiplying the exponentials. Thus, each
multiple-string conguration contributes with roughly the same weight to the degeneracy.
This means that the degeneracy is dN times the number of ways the total energy may be







Thus, the entropy of the ten-dimensional black holes, which are non-extremal excitations of
the extremal R-R charged black hole, is given by








Dirichlet-branes thus provide us with an inherently stringy understanding of black hole
entropy. In view of this interesting result, 10-dimensional black holes deserve a more detailed
study in which the 0-brane description will undoubtedly be a useful tool.
In general, D-branes are an ideal black hole laboratory also because they naturally create
heavy black holes in the weak coupling limit, with masses of order 1=g (for comparison, in
order to make a black hole out of a long fundamental string, one needs to wrap it many times
around a non-contractible cycle [32]). In order to study black holes in four dimensions we
may toroidally compactify the ten-dimensional theory. A Dirichlet 6-brane wrapped around
the 6-torus is then a 4-dimensional black hole. Scattering amplitudes o of this object may
be simply obtained from our formulae by restricting the momenta to lie in the 4 non-compact
directions. These amplitudes again contain an innite sequence of s-channel poles coming
from massive auxiliary open strings attached to the black hole. These states again endow
the black holes with entropy S(M) M . Thus, the linear growth of the entropy with mass
seems to be a general feature of stringy black holes, independent of dimensionality. We
postpone a detailed discussion of these fascinating issues for future work.
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Figure 1: Scattering of R-R gauge bosons o a p-brane. The low momentum transfer limit
is mediated as shown by t-channel exchange of a massless mode.
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